We will obtain the warped product decompositions of spaces of constant curvature (with arbitrary signature) in their natural models as subsets of pseudo-Euclidean space. This generalizes the corresponding result by Nolker in [Nol96] to arbitrary signatures, and has a similar level of detail. Although our derivation is complete in some sense, none is proven. Motivated by applications, we will give more information for the spaces with Euclidean and Lorentzian signatures. This is an expository article which is intended to be used as a reference. So we also give a review of the theory of circles and spheres in pseudo-Riemannian manifolds.
Introduction

Warped products are ubiquitous in applications of pseudo-Riemannian geometry. Most of the separable coordinate systems in spaces of constant curvature are built up using them [Kal86] , and some exact solutions in general relativity are composed of them [DU05; Zeg11] . They can intuitively be thought of as a partial generalization of the spherical coordinate system to arbitrary pseudo-Riemannian manifolds. Indeed, it can be shown that all the spherical coordinate systems (on any space of constant curvature) can be constructed iteratively using warped products, and that they share several properties with these coordinate systems. Similarly the well known Schwarzschild metric in relativity can be constructed using warped products.
Various geometrical objects take canonical forms in warped products. For example, one can calculate general formulas for the Levi-Civita connection and the Riemann curvature tensor in a warped product [MRS99] . These product manifolds can be used to construct geometrical objects with special properties. For example, it was shown in [RM14] , that one can use the warped product decompositions of a given space to construct Killing tensors and hence coordinates which separate the Hamilton-Jacobi equation. Thus it is only natural that we determine the warped products which are isometric to spaces of constant curvature.
We now describe more precisely the problem we solve, after introducing some definitions. A warped product is a product manifold M = [MRS99] . The warped product is denoted by M 0 × ρ 1 M 1 × · · · × ρ k M k . We say a warped product is a warped product decomposition of a pseudo-Riemannian manifold M if it is isometric to some non-empty open subset of M . In this article we will present an interesting class of warped product decompositions of spaces of constant curvature (with arbitrary signature).
Our solution follows that by Nolker in [Nol96] , which is for the special case of Riemannian spaces of constant curvature. We make use of the observation that for a warped product M = M 0 × ρ 1 M 1 × · · · × ρ k M k , M 0 is a geodesic submanifold of M and for each i > 0 the manifold M i is a spherical submanifold of M 1 [MRS99] . Thus after characterizing all geodesic and spherical submanifolds of spaces of constant curvature, we generalize a formula given in [Nol96] to obtain an interesting class of warped product decompositions.
Our primary motivation for this work comes from [RM14] , where it was shown that warped products can be used to construct coordinates which separate the HamiltonJacobi equation. Based on this application, it will become clear (in a following article)
More details on the properties of P n ν will be given later on (see Proposition 7.2). Finally, we define the dilatational vector field in E n ν , r, to be the vector field satisfying for any p ∈ E n ν , r p = p ∈ T p E n ν .
Warped products in Spaces of Constant Curvature
In this section we will briefly describe the warped product decompositions of spaces of constant curvature, in a way which is useful for applications. The proofs of many of the assertions will come in the following sections. We will use the notation E n ν (κ) (where κ can be zero) to represent the general space of constant curvature. First we will need to know the spherical submanifolds of these spaces.
Theorem 3.1 (Spherical submanifolds of E n ν (κ)) Let p ∈ E n ν (κ) be arbitrary, V ⊂ TpE n ν (κ) a non-degenerate subspace with m := dim V ≥ 1, µ := ind V and z ∈ V ⊥ ∩TpE n ν (κ). Let a := κp−z,κ := a 2 and W := RakV . There is exactly one m-dimensional connected and geodesically complete spherical submanifold N withp ∈Ñ , TpÑ = V and having mean curvature vector atp, z.Ñ is an open submanifold of N; N is referred to as the spherical submanifold determined by (p, V, a), it is geodesic iff z = 0 and is given as follows (where ≃ means isometric to): With the knowledge of these spherical submanifolds, we can now specify how to construct warped products in E n ν (κ). This construction depends on the following data:
V i into non-trivial (hence non-degenerate) subspaces with k ≥ 1, and vectors z 1 , . . . , z k ∈ V 0 such that the vectors a i := κp − z i are pair-wise orthogonal and independent. We call the data
.., a k ), initial data for a (proper) warped product decomposition of E n ν (κ). If κ = 0, one can more generally let some of the a i be zero, this results in Cartesian products as done in [Nol96] . Since we assume the a i are non-zero, we sometimes use the additional qualifier "proper".
With this initial data, for i > 0 let N i be the sphere in E n ν (κ) determined by (p, V i , a i ) and ρ i (p 0 ) = 1 + a i , p 0 − p . Let N 0 be the subset of the sphere in E n ν (κ) 
a warped product decomposition (of E n ν (κ)) given as follows:
We note that ψ has the property that ψ(p, . . . , p i ,p, . . . ,p) = p i . Often the pointp doesn't enter calculations, hence we will usually omit it. We note that the above formula generalizes one given in [Nol96] . For actual calculations, it will be more convenient to work with canonical forms. The following definition will be particularly useful.
Definition 3.4 (Canonical form for Warped products of E n ν ) We say that a proper warped product decomposition of E n ν determined by (p;
is in canonical form if:p ∈ V 0 and p, a i = 1.
✷
Any proper warped product decomposition ψ of E n ν can be brought into canonical form, see the discussion preceding Corollary 10.10 for details.
We will now give more information on standard warped product decompositions of E n ν in canonical form. Suppose the initial data (p; V 0 k V 1 ; a) is in canonical form, and let ψ be the associated warped product decomposition given by Eq. (3.4). Denote κ := a 2 and ǫ := sgn κ. We have two types of warped products:
null warped decomposition If κ = 0, then a is lightlike, so fix another lightlike vector b ∈ V 0 such that a, b = 1, let W 0 := V 0 ∩ span{a, b} ⊥ and W 1 := V 1 .
For i = 0, 1, let P i : E n ν → W i be the orthogonal projection. Then the following holds:
Theorem 3.5 (Standard Warped Products in E n ν [Nol96] ) Let ψ be the warped product decomposition of E n ν determined by the initial data (p; V 0 k V 1 ; a) given above. Then N 0 has the following form:
3 Warped products in Spaces of Constant Curvature
6
The map ψ is an isometry onto the following set:
Furthermore, the following equation holds:
Proof See Corollary 10.10.
In fact, for (p 0 , p 1 ) ∈ N 0 ×N 1 , ψ has one of the following forms, first if ψ is non-null:
where c =p − a a 2 , and if ψ is null:
The above forms are obtained from the equation for ψ from the above theorem by expanding p 0 in an appropriate basis. We note that the warped products with multiple spherical factors can be obtained using the standard ones described above. Indeed, suppose φ 1 : N ′ 0 × ρ 1 N 1 → E n ν is the warped product decomposition determined by (p; V 0 k V 1 ; a 1 ) as above. Since V 0 is pseudo-Euclidean, consider a warped product decomposition, φ 2 :Ñ 0 × ρ 2 N 2 → V 0 , determined by (p;Ṽ 0 kṼ 1 ; a 2 ) with V 0 ∩W ⊥ 0 ⊂W 0 (hence a 1 ∈W 0 ). Note thatW 0 is the subspace W 0 from the above construction for φ 2 . Let N 0 := N ′ 0 ∩Ñ 0 , then one can check that the map ψ defined by:
is a warped product decomposition of E n ν satisfying Eq. (3.4). We illustrate this construction with an example.
Example 3.6 (Constructing multiply warped products) Suppose φ 1 and φ 2 are given as follows:
Now observe that ρ 1 (φ 2 (p 0 , p 2 )) = ρ 1 (p 0 ), which follows from the above equation for φ 2 and the fact that a 1 ∈W 0 . Then, 4 pseudo-Riemannian Submanifolds and Foliations
where P ′ 0P 0 is the orthogonal projector ontoW 0 ∩ W 0 =Ṽ 0 ∩ span{a 1 , a 2 } ⊥ . A similar calculation shows that ψ satisfies Eq. (3.4), since φ 1 and φ 2 each satisfy it.
✷
This procedure can be repeated as many times as necessary to obtain the more general warped products given by Eq. (3.4). Hence the properties of the more general warped product decompositions of E n ν can be deduced from Theorem 3.5. The following proposition shows that any proper warped product decomposition of E n ν in canonical form restricts to a warped product decomposition of E n ν (κ) where κ = 0. Its proof is straightforward consequence of Eq. (3.8).
Theorem 3.7 (Restricting Warped products to E n ν (κ)) Let ψ be a proper warped product decomposition of E n ν associated with (p;
in canonical form. Suppose κ −1 :=p 2 = 0 and let
Hence the details of warped product decompositions of E n ν (κ) can be deduced from Theorem 3.5. More information on these decompositions can be found in the following sections. In particular, see Theorems 10.5 and 12.8. Some examples can be found in [Nol96] and also in a future article where we apply these results to construct coordinates which separate the Hamilton-Jacobi equation.
pseudo-Riemannian Submanifolds and Foliations
In this section we will summarize the theory of pseudo-Riemannian submanifolds and foliations that will be useful to us. We can conveniently treat this as a special case of the theory of pseudo-Riemannian distributions, so we will present this first. 
Brief outline of The Theory of Pseudo-Riemannian Distributions
The following brief exposition of the theory of pseudo-Riemannian distributions is a combination of that given in [MRS99] and [CFS06] . Suppose E is an m-dimensional non-degenerate distribution defined on a pseudo-Riemannian manifoldM . Then we
where h E T is trace-less.
We add the qualification "almost" to the three definitions above by replacing s E with h E ; this just drops the requirement that A E ≡ 0. For example E is almost umbilical iff h E T = 0. We remark that when E is one dimensional h E T = 0 trivially, hence all one dimensional non-degenerate foliations and all one dimensional pseudo-Riemannian submanifolds are trivially umbilical. If E is umbilical and ∇ E ⊥ X H E = 0 for all X ∈ Γ(E) then E is called spherical. Finally if E is spherical and E ⊥ is geodesic then E is called Killing.
We also note here that s E and s E ⊥ are not independent of each other:
Proposition 4.1 For X, Y ∈ Γ(E) and Z ∈ Γ(E ⊥ ), the following holds:
Note that some authors use the name auto-parallel instead [MRS99] .
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9 Proof 0 = ∇ X Y, Z = ∇ X Y, Z + Y, ∇ X Z = s E (X, Y ), Z + Y, s E ⊥ (X, Z)
Specialization to pseudo-Riemannian submanifolds
Suppose φ : M →M is a local embedding of (a pseudo-Riemannian submanifold) M m insideM n . Then for any point p ∈ M , it is known that there exist local coordinates (x i ) onM , such that the subset
for some c m+1 , . . . , c n ∈ R can be identified with φ(U ) where U is an open subset with p ∈ U ⊆ M . These coordinates induce a local foliation L in a neighborhood of p, with M being a leaf given by the above equation. We will refer to such a foliation as a (local) foliation ofM associated with M . Now suppose L is an arbitrary foliation of M associated with M , and let E be the induced distribution. Locally we can assume L is a foliation by pseudo-Riemannian submanifolds ofM , hence E is non-degenerate and the discussion in the previous section applies to it. Since E is integrable, it follows that for any X, Y ∈ Γ(E), that [X, Y ] ∈ Γ(E). Throughout this discussion, for any X ∈ Γ(E), we letX ∈ X(M ) denote the unique vector field such that for any p ∈ M , we have X φ(p) = φ * Xp . Then for any X, Y ∈ Γ(E) we see that
Now denote by ∇ (resp.∇) the Levi-Civita connection on M (resp.M ). By the uniqueness properties of the Levi-Civita connection on M , it follows that for any X, Y ∈ Γ(E) we have for any p ∈ M that
By also using the Gauss equation, we observe that for any
In consequence of these observations, it follows that the theory presented for pseudoRiemannian distributions induces a similar one for pseudo-Riemannian manifolds. We now connect this with the standard notations [Che11] ; in effect this removes the appearance of the extraneous distribution, E.
In this case s E ≡ h E and h := (h E )| M , then the Gauss equation becomes:
5 Circles and Spherical Submanifolds* 10 for all X, Y ∈ X(M ). We denote the set of normal vector fields over M , i.e. the restriction of Γ(E ⊥ ) to M by X(M ) ⊥ . The Gauss equation for E ⊥ is usually called the Weingarten equation and is only defined for X ∈ X(M ) and Y ∈ X(M ) ⊥ . This is because in this case,∇ X Y depends only on the values that X and Y take on M 5 . Thus we can let
for all X ∈ X(M ) and Y ∈ X(M ) ⊥ . Note that the properties of∇ E ⊥ imply that ∇ ⊥ is a connection 6 on X(M ) ⊥ . In this notation, the relationship between s E and s E ⊥ given in Proposition 4.1 becomes:
Finally, we note that the definitions of minimal, umbilical, or geodesic foliations induces corresponding definitions for submanifolds. For example, a submanifold is geodesic if its second fundamental form vanishes identically.
In conclusion, we should mention that even though we have given a concise presentation of the theory, it's not useful for practical calculations. For these, one will have to evaluate these quantities in terms of curves on M . See for example, Proposition 4.8 in [O'N83].
5 Circles and Spherical Submanifolds* 11 define Y to be the unit vector field over γ derived from ∇ X X. I.e. Y satisfies the following equation
A proper circle is defined to be a curve which satisfies ∇ X Y = cX for some c ∈ R \ {0}. We observe that
The above equation implies that c = −ε 0 ε 1 κ where ε 0 := sgn X, X and ε 1 := sgn Y, Y . Thus a proper circle is defined by the equations
where κ = 0 is a constant. A proper circle satisfies the following third order ODE [ANY90] :
Conversely we will see shortly that any unit speed curve satisfying the above equation with ∇ X X, ∇ X X = 0 is a proper circle. We define a circle in a pseudoRiemannian manifold to be a unit speed curve satisfying the above equation, hereafter called the circle equation. The following lemma shows that any pseudo-Riemannian manifold admits circles:
Lemma 5.1 (Existence and Uniqueness of Circles [NY74] ) Consider the following initial conditions:
There exists a unique locally defined unit speed curve γ(t) in M satisfying Eq. (5.2) and the initial conditions:
where X :=γ and Y := ∇ X X. Furthermore, Y, Y is constant along any circle.
✷
Proof It follows by the existence and uniqueness theorem for ODEs that there exists a unique locally defined curve γ(t) satisfying Eq. (5.2) with the above initial conditions. Then observe the following:
The above two equations define a system of ODEs for X, X and X, Y , with initial values X, X | p = ε = ±1 and X, Y | p = 0. Thus by the uniqueness of the solutions, it follows that X, X = ε and X, Y = 0 wherever γ is defined. Hence γ is a unit speed curve.
Finally observe that
Hence Y, Y is constant.
Note that k := Y in the above lemma is usually called the curvature of the circle. In Riemannian manifolds, circles are completely classified by their curvature, although this is not true for pseudo-Riemannian manifolds. Using the above lemma we can classify circles in a pseudo-Riemannian manifold as follows. Let γ(t) be a circle in M and suppose γ satisfies the initial conditions of the above lemma. Then γ can be classified as follows depending on Y p :
Note that this classification is well defined globally since Y, Y is a constant of a circle and the uniqueness theorem for ODEs forces any circle with Y p = 0 to be a geodesic.
Example 5.2 (Geodesics in Spherical Submanifolds [Kas10] ) Let M be a spherical submanifold ofM . Suppose γ(t) is a unit speed geodesic on M . We will show that γ is a circle inM . By the Gauss equation, we have the following: ∇ X X = X, X H 5 Circles and Spherical Submanifolds*
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Then by the Weingarten equation and using the fact that∇ ⊥ H = 0 where∇ ⊥ is the induced normal connection over M , we have the following:
We note here that the above example in combination with Lemma 5.1 shows that the mean curvature vector field of a spherical submanifold is locally determined by its value at a single point. In Example 10.4 we will describe the circles in pseudo-Euclidean space after we have described the spherical submanifolds of the space.
We will now present some additional results that show how circles can be used to characterize spherical submanifolds. These results were first obtained for the Riemannian case by Nomizu and Yano in [NY74] . They were generalized to the Lorentzian case by Ikawa in [Ika85] and to the pseudo-Riemannian case by Abe, Nakanishi, and Yamaguchi in [ANY90] .
For the following theorems we denote a pseudo-Riemannian manifold M with signature α by M α . The following theorem characterizes spherical submanifolds in terms of circles, it is analogous to the corresponding theorem for geodesics and geodesic submanifolds (see [O'N83, section 4.4]).
Theorem 5.3 (Circles and Spheres [ANY90])
Let M α be an n dimensional pseudo-Riemannian submanifold ofM β . For any ε 0 ∈ {−1, 1} and ε 1 ∈ {−1, 0, 1} satisfying 2 − 2α ≤ ε 0 + ε 1 ≤ 2n − 2α − 2 and k ∈ R + , the following are equivalent:
(a) Every circle in M α with X, X = ε 0 and ∇ X X,
More intuitively, the above theorem states that a spherical submanifold M is precisely a submanifold in which all circles in M are circles in the ambient space. Also note that the above theorem shows that a circle is precisely a spherical submanifold of dimension one. The following theorem is a variant of the above theorem which is known to hold (in full generality) only in the strictly pseudo-Riemannian case.
Theorem 5.4 (Circles and Spheres II [ANY90])
Let M α be an n dimensional (1 ≤ α ≤ n − 1) pseudo-Riemannian submanifold ofM α having the same signature α. For any ε 0 ∈ {−1, 1}, the following are equivalent:
(a) Every geodesic in M α with X, X = ε 0 is a circle inM α .
(b) M α is a spherical submanifold ofM α .
✷
These results can be further generalized by considering more general types of curves such as helices (which we will not define here). See [Nak88] where a theorem analogous to Theorem 5.3 is proven characterizing helices in terms of geodesic submanifolds. Also in [JF94] results relating conformal circles to umbilical submanifolds are presented.
The following lemma describes how much information is required to specify a sphere. It is a partial generalization of the corresponding lemma for the Riemannian case proven in [Kas10] . Let q ∈ M be arbitrary and suppose that γ(t) is a geodesic segment in M running from p to q. Then observe that γ is a geodesic circle inM with velocity X p and acceleration X, X | p H M p at p where H M is the mean curvature vector field of M . By the uniqueness of circles (see Lemma 5.1) and the hypothesis it follows that γ is also geodesic in N which is defined everywhere since N is geodesically complete. Note that this implies that mean curvature vector fields of M and N coincide over γ, so we denote this vector field by H. Now suppose Z p ∈ T p M ∩ X ⊥ p and let Z be the parallel transport of Z p over γ with respect to M . Since parallel transport is an isometry, Z, X = 0. Thus by the Gauss equation,∇
where∇ is the Levi-Civita connection onM and ∇ M is the induced Levi-Civita connection on M . Thus Z is also the parallel transport of Z p over γ with respect tō M .
Thus the parallel transport of
Since the parallel transport onM is uniquely determined, we deduce that
Thus since M is connected, one can apply this argument to an arbitrary broken geodesic (see [O'N83] ) to conclude that M ⊆ N .
Finally by applying the argument for M interchanged with N , we see that M ≡ N .
Let M be a space of constant curvature. We will show in this article that for every p ∈ M , non-degenerate subspace V ⊂ T p M , and normal vector H ∈ (T p
Spherical Submanifolds of Spaces of Constant Curvature
In this section κ is allowed to be zero. The following optional proposition relates umbilical submanifolds to spherical ones in spaces of constant curvature.
Proposition 6.1 Any umbilical submanifold of E n ν (κ) with dimension greater than one is necessarily spherical. Here we state some properties of spherical submanifolds in spaces of constant curvature. 
Standard spherical submanifolds of pseudo-Euclidean space
We collect some properties of E n ν (κ) in the following proposition. Proposition 7.1 Let r denote the dilatational vector field and r 2 = r, r . Fix r 2 ∈ R, the following are true about E n ν ( 
We collect similar properties of P n ν .
Proposition 7.2
The following are true about P n ν with mean curvature vector −a:
(a) It is a spherical submanifold with mean curvature normal
It is globally isometric to E n ν .
✷
Proof Consider the map ψ given by Eq. (2.3). It then follows that for v ∈ T V ,
The above equation shows that the induced metric at each point is the induced metric on V . Hence P n ν is globally isometric to E n ν . Now to calculate the second fundamental form, we have for w, v ∈ T V :
Hence it follows that P n ν is umbilical with mean curvature vector −a. Since −a is covariantly constant, it follows that P n ν is spherical.
Warped Products
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Warped Products
In this section we define the warped product and give some properties of it which will be used in this article. The content of this section is primarily from [MRS99] where the more general notion of a twisted product was introduced. For more on warped products see [MRS99; Zeg11] . A warped product can be defined to be a special case of a twisted product as follows:
Definition 8.1 (Twisted and Warped Products)
If each ρ i depends only on M 0 and ρ 0 ≡ 1 then g is called a warped product metric and (M, g) is called a warped product. The warped product is denoted by The prototypical example of a warped product is the following warped product defined in (an open subset of) E n , which is the product manifold R + × S n−1 equipped with the metric g = dρ 2 + ρ 2g whereg is the metric of the (n − 1)-sphere S n−1 .
✷
In the above example we say the warped product R + × ρ S n−1 is a warped product decomposition of E n . In general a warped product decomposition of a given pseudoRiemannian manifold M is a warped product which is (locally) isometric to M .
Each factor M i of the product manifold induces a foliation L i of M . For anyp ∈ M the leaf of this foliation throughp, L i (p), is given as follows:
We also note here that a warping function ρ i of a warped product is only uniquely defined modulo products of constants. To elaborate, from the above definition one sees that we can multiply ρ 2 i by any c ∈ R + if we divide g i by c. The geometry of the warped product is not altered by such transformations as we will see. We say that the warping functions are normalized (with respect to a pointp ∈ M ), if for each i, ρ i (p) = 1 for all p ∈ L i (p).
We record here some properties of the warped product: M i be a warped product with product net E = (E i ) k i=0 .
1. E is orthogonal, i.e. it satisfies:
2. For each i > 0 the distribution E i is Killing with mean curvature normal
The following theorem gives a converse to the above proposition.
Theorem 8.4 (Geometric Characterization of Warped Products [MRS99])
Let M = k i=0 M i be a connected product manifold equipped with metric g and orthogonal product net E = (E i ) k i=0 . Then g is the metric of a warped product
Killing foliations for i = 1, ..., k.
✷
In particular one should note that for a warped product, the manifolds M i are spherical submanifolds of M . This is an important observation in constructing warped products. We say a warped product is proper if none of the spherical factors are geodesic submanifolds. One can check (see proposition 2 in [MRS99] ) that this is equivalent to requiring ρ i to be non-constant.
The above theorem also shows that any manifold can be made into a spherical submanifold (of some other manifold). Hence this notion is only interesting with respect to a fixed manifold.
Warped product decompositions of Spaces of Constant Curvature
In this section we study warped product decompositions of E n ν (κ) where κ may equal zero. Let M = M 0 × ρ 1 M 1 × · · · × ρ k M k be a warped product and ψ : M → E n ν (κ) a warped product decomposition of E n ν (κ).Fixp ∈ ψ(M ). Let H i = −∇(log ρ i ) be the mean curvature vector field associated to the canonical foliation L i generated by M i (see Proposition 8.3). Let V i := Tp i M i for each i and z i := H i |p ∈ V 0 for i > 0. Then note that
It follows from corollary 2 in [MRS99] that the mean curvature vectors satisfy the following equation for i = j:
In this case we say that ψ is a warped product decomposition of E n ν (κ) associated with the initial data (p;
Conversely, let p ∈ E n ν (κ) where n ≥ 2 and consider the following decomposition of
V i into non-trivial subspaces (hence non-degenerate) with k ≥ 1.
Suppose z 1 , ..., z k ∈ V 0 satisfy Eq. (9.2). Let a i := κp − z i and assume additionally that the subset of non-zero a i are linearly independent. In this case, we say that
.., a k ) are initial data for a warped product decomposition of E n ν (κ). We will show in this article that in a space of constant curvature there always exists a warped product decomposition associated with any given initial data. It follows from Theorem 5.6 that in the category of Riemannian manifolds with n > 2, this property characterizes spaces of constant curvature.
The additional condition requiring the a i to be linearly independent trivially holds in Euclidean space and in motivating applications. The reason we make this assumption will become more apparent later. Here is an optional lemma, which is given for completeness, and hints at why we make this assumption. 
By hypothesis we have dim ker T ≥ n − (k − 1), hence dim Im T ≤ k − 1 by the rank-nullity theorem. Thus a ♭ 1 , . . . , a ♭ k are linearly dependent, a contradiction. Thus there exists b 1 ∈ ∩ k i=2 a ⊥ i with a 1 , b 1 = 1. The result then follows by induction. Indeed the next step is to find b 2 by applying the above result to {a 2 , . . . , a k } ⊂ span{a 1 , b 1 } ⊥ making use of the fact that span{a 1 , b 1 } is non-degenerate by construction.
It has been shown by Nolker in [Nol96] that given any initial data for Riemannian spaces of constant curvature, there exists a unique warped product decomposition associated with the initial data. In this article we will show that given any initial data for a WP-decomposition of E n ν (κ), there exists a WP-decomposition associated with the initial data. This WP-decomposition is probably uniquely determined but we don't use or prove this supposition. 
✷
Since circles are one dimensional spherical submanifolds, we can use the above theorem to describe the circles in pseudo-Euclidean space.
Example 10.4 (Proper Circles in pseudo-Euclidean space)
Suppose (p,V , kȲ ) are initial conditions for a proper circle as in Lemma 5.1 with ε 0 :=V 2 = ±1, ε 1 :=Ȳ 2 = ±1 and kȲ = 0. We now describe the circle determined by this data.
By Example 5.2 the proper circle determined by these initial conditions determine a spherical submanifold of E n ν characterized by (p, RV , ε 0 kȲ ). Now let H := ε 0 kȲ , κ := H, H = ε 1 k 2 and c :
Case 2 Hyperbolic circle, γ = H 1 : ε 0 = 1, ε 1 = −1
Case 3 de Sitter circle, γ = S 1 1 : ε 0 = −1, ε 1 = 1 In the last two cases (which are anti-isometric), γ is given as follows:
One can give a similar example for geodesics and null circles.
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Warped product decompositions of pseudo-Euclidean space
Our classification of the warped product decompositions of E n ν is based on the fact that a specification of the tangent spaces and mean curvature normals of the spherical foliations of a warped product at one point p, uniquely determines a warped product decomposition in a neighborhood of p. We now carry out this classification as follows.
2), the mean curvature vectors atp satisfy the following equation:
We now only consider the case ν ≤ 1 as the other signatures are straightforward generalizations of these standard ones. In this case, we will use Theorem 10.1 to classify N i up to homothety as follows. Say z 1 , ..., z l = 0 and the remaining are non-zero, then for i = 1, ..., l the N i are pair-wise orthogonal planes passing through p. We now consider the remaining possibilities:
Case 1 Since the z i are orthogonal, there is at most one lightlike direction, say z l+1 .
The remaining lightlike z i are proportional to z l+1 , but since we assume the non-zero z i are linearly independent, we will work with only one lightlike vector z l+1 . Then N l+1 a paraboloid isometric to Euclidean space. The orthogonality relations force the remaining z i to be space-like and hence the remaining N i are Euclidean spheres.
Case 2 Similarly, at most one of the z i can be timelike, say z l+1 . Then N l+1 is isometric to hyperbolic space. The orthogonality relations force the remaining z i to be space-like and hence the remaining N i are Euclidean spheres. Case 4 All z i are zero. Then each N i is an affine plane and the warped product is a product of planes.
We summarize our findings in the following theorem.
Theorem 10.5 (Warped products in E n and M n )
If at most one of the N i are intrinsically flat, then N is isometric to one of the following warped products:
If E n ν is Euclidean space:
where ∇ρ i ,∇τ i ,∇λ i is a spacelike,timelike, lightlike vector field respectively.
✷
The above theorem shows that there are at 1 and 4 distinct types of proper singly warped products in Euclidean and Minkowski space respectively. One can show that the multiply warped products can be built up from the singly warped products by iteratively decomposing the geodesic factor of the warped product into another warped product which is "compatible" with the original. Thus we only describe a special subset of warped products for simplicity.
The following theorem describes this interesting class of warped products. Its proof can be deduced from Theorem 7 in [Nol96] . It is a generalization of that theorem to pseudo-Euclidean space.
Theorem 10.6 ( Standard Warped Products in
ν where n ≥ 2 and the following decomposition of
non-trivial subspaces (hence non-degenerate) with k ≥ 1. Suppose a 1 , ..., a k ∈ V 0 are pair-wise orthogonal. Let κ i := a 2 i and ǫ i := sgn κ i . We consider the following warped decompositions:
non-null warped decomposition Let µ ≥ 0
null warped decomposition k = 1, a 1 := a, κ 1 = a 2 = 0 but a = 0, i.e. a is lightlike.
In this case, fix a lightlike vector b ∈ V 0 such that a, b = 1 and let c = p − b.
Now, define N 0 as follows:
is an open subset of the plane determined by (p, V 0 , 0). For i = 1, ..., k, let N i be the spherical submanifold of E n ν determined by (p, V i , a i ). Define
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For i = 1, ..., k, let W i := Ra i k V i and P : E n ν → W i be the orthogonal projection. Then the map ψ :
is an isometry onto the following set 8 :
Im(ψ) is dense in E n ν only for a non-null warped decomposition when each W i for i = 1, ..., k is Euclidean or anti-isometric to a Euclidean space.
If the N i are required to be connected, then Im(ψ) has to be modified slightly. For each N i that is disconnected (see the remark following Theorem 10.1), in addition to the restriction that sgn(P i (p)) 2 = ǫ i in the definition of Im(ψ), add the restriction that a i , P i (p) > 0.
✷
Proof The idea of this proof is to assume Eq. (10.11) holds and then expand it by choosing an appropriate basis for V 0 . In the expanded form we will be able to prove all the claims made in the theorem. We have the following two cases.
The non-null case: Let W 0 be the orthogonal complement of
Ra i in V 0 ; which is well defined since a 2 i = 0 for each i. Thus we have that
Ra i (10.13) which implies:
Now let P i : E n ν → W i denote the orthogonal projection for i = 0, ..., k. Then from Eq. (10.13), we get the following orthogonal decomposition of V 0 which will be used extensively:
Now we use the above decomposition of p ∈ V 0 to write ψ(p 0 , ..., p k ) adapted to the following affine decomposition of
We get the following for (p 0 , ...,
Now we prove that ψ is injective: Let (p 0 , ..., p k ), (q 0 , ..., q k ) ∈ N 0 × · · · × N k and suppose that ψ(p 0 , ..., p k ) = ψ(q 0 , ..., q k ). From Eq. (10.16), we deduce the following:
and a i , p 0 − c , a i , q 0 − c ∈ R + , we deduce that p i = q i . Then Eq. (10.14) shows p 0 = q 0 . Now for surjectivity: From Eq. (10.16) it's clear that ψ(N 0 × · · · × N k ) ⊆ Im(ψ). Given p ∈ Im(ψ), using Eq. (10.16) in conjunction with Eq. (10.14) we can readily calculate the inverse q = ψ −1 (p) given in components as follows:
Now we show that ψ is an isometry. Note first that for
Hence also using the fact that:
we get:
where the last two lines follow from the fact that v 0 ∈ V 0 and Eq. (10.14). The null case: We have the following decomposition of V 0 :
where W 0 is the orthogonal complement of span{a, b} relative to V 0 . Let P i denote the orthogonal projection onto W 0 for i = 0 and onto V 1 for i = 1. Then for p ∈ E n ν :
and
10 Warped product decompositions of pseudo-Euclidean space . Given p ∈ Im(ψ), letp = p − c, then using Eq. (10.16) in conjunction with Eq. (10.14) we can readily calculate the inverse q = ψ −1 (p) given in components as follows:
2 )a + a,p b (10.23)
Hence we get that:
where the last two lines follow from the fact that v 0 ∈ V 0 , Eq. (10.21) and since
Definition 10.8
We call ψ the warped product decomposition of E n ν determined by (p; N 1 , ..., N k ) or by
.., a k ) as in the hypothesis of the above theorem.
Note that in the context of the above definition, the warped product decomposition is proper if each a i = 0. For actual calculations we wish to work with canonical forms. The following definition will be particularly convenient.
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Definition 10.9 (Canonical form for Warped products of E n ν ) We say that a proper warped product decomposition of E n ν determined by (p;
✷
We note here that any proper warped product decomposition ψ of E n ν can be brought into canonical form by the translation ψ → ψ − c. This follows from the above theorem by observing that p − c, a i = 1 for each i > 0. The following corollary gives the standard warped product decompositions of E n ν in canonical form. Corollary 10.10 (Canonical form for Warped products of E n ν ) Let ψ be a proper warped product decomposition of E n ν determined by (p;
which is in canonical form. Then the conclusions of Theorem 10.6 simplify as follows:
For (p 0 , ..., p k ) ∈ N 0 × · · · × N k , ψ has the following form:
Proof First note that for the non-null case:
Similarly for the null-case: Thus we see that
The formula for Im(ψ) follows similarly. Clearly ρ i (p 0 ) = a i , p 0 − c = a i , p 0 . Now we break into cases.
The non-null case:
Note that c ∈ W 0 , so P 0 c = c, hence 
In the last equation we used the fact that P 1p1 = P 1 p 1 sincep ∈ V 0 . Finally, it follows from the above equation that ψ(p 0 , p 1 ) 2 = p 2 0 . Proposition 11.1 (Lifting isometries from Killing distributions) Let M = B × ρ F be a warped product and supposef : F → F is an isometry of F. Then the lift f defined by
is an isometry of M.
Theorem 5.1 in [Zeg11] shows conversely that given a certain integrable group action on a pseudo-Riemannian manifold M , one can obtain a warped product whose spherical foliation is invariant under the action of the group. Hence in spaces of constant curvature one can show that the above property characterizes warped products. In view of this, in this section we state the isometry groups which preserve the spherical submanifolds of pseudo-Euclidean space.
The isometry groups of H n ν and S n ν are well documented, see for example [O'N83, section 9.2]. In this section we will describe the isometry group of P n ν . This is given in [Nol96, lemma 6] for the case when ν = 0; that proof should generalize easily. Although, we will give a different proof (motivated by Nolker's results) using our knowledge of warped product decompositions and Proposition 11.1.
We denote the homogeneous isometry group (i.e. orthogonal group) of E n+2 ν+1 by O ν+1 (n + 2) (see [O'N83] ). Then we have the following: Proposition 11.2 Let −a be the mean curvature vector of P n ν . The isometry group of P n ν is:
Furthermore suppose we fix an embedding of E n ν by fixing a subspace V ≃ E n ν , then for p ∈ V andp ∈ V ⊥ we have the following Lie group isomorphism: Let B ∈ O(V ), v ∈ V and define T p = Bp + v for p ∈ V . Now defineT by:
Since ψ is a warped product decomposition, it follows by Proposition 11.1 thatT induces an isometry of some open subset of E n+2 ν+1 onto itself. We will now calculateT explicitly.
For arbitrary x ∈ E Furthermore for any point p ∈ Im(ψ) with p 2 = 0, the leaf of the foliation induced by N i , L i (p), is simultaneously a sphere in E n ν and E n ν ( 1 p 2 ). Also ψ is in canonical form at every p ∈ Im(ψ).
Proof By Eq. (10.28) in Corollary 10.10 it follows that φ is a diffeomorphism onto φ(N ′ ) ⊆ E n ν (κ). Clearly the restriction of the metric on N to N ′ is still a warped product metric. Hence it follows that φ is a warped product decomposition of E n ν (κ), i.e. an isometry from a warped product. Furthermore by Theorem 12.2 it follows that for each i > 0, N i is also the sphere in E n ν (κ) determined by (p, V i , z i ). Now for the last point, fix p ∈ Im(ψ) with p 2 = 0. Letr be the dilatational vector field in N 0 and r := ψ * r . Can show that r is also the dilatational vector field in E n ν (e.g. see Eq. (10.11)). Now if ρ i = r, a i , then it can be shown using results in [MRS99] that the mean curvature vector H i is:
Hence r, −H i = 1. Thus at p, by making the identification r = p, we see that T N i is orthogonal to p = ψ * p and p, −H i = 1. It follows from the discussion following Theorem 12.2 that L i (p) is also a sphere in E n ν ( 
